We study ground states of a system of bosonic atoms and diatomic Feshbach molecules trapped in a one-dimensional optical lattice using exact diagonalization and Variational Monte Carlo methods. We primarily study the case of an average filling of one boson per site. In agreement with bosonization theory, we show that the ground state of the system in the thermodynamic limit corresponds to the Pfaffian-like state when the system is tuned towards the superfluid to Mott insulator quantum phase transition. Our study clarifies possibility of the creation of exotic Pfaffian-like states in realistic one-dimensional systems. Such states could be used as the basis to create non-Abelian anyons in one-dimensional systems, with potential application for fault tolerant topological quantum computation.
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I. INTRODUCTION
The possibility of a fault tolerant topological quantum computation [1] [2] [3] [4] [5] [6] based upon topological quasiparticles that obey non-Abelian statistics (non-Abelian anyons) [7] [8] [9] motivated much recent interest in the new systems that support such quasiparticles. The idea behind the topological quantum computation is that non-Abelian anyons could be used to encode and manipulate information in a way that is resistant to error. Namely, if a quantum system has topological degrees of freedom, like non-Abelian anyons, then the information contained in those degrees of freedom would be protected against errors caused by local interactions with the environment. This provides the possibility of using such systems to perform fault tolerant quantum computation without decoherence.
Non-Abelian states of matter also present fundamental intellectual challenges; to understand the theory behind such states and to realize them experimentally. [10] [11] [12] Understanding of the origin and properties of non-Abelian phases is far from complete and is at the frontier of current theoretical research. The fundamental objectives are the understanding of the interplay between topology and quantum mechanics that leads to the formation of nonAbelian phases and the investigation of new models that have non-Abelian quasiparticles.
13,14
Non-Abelian anyons first appeared in the context of the fractional quantum Hall (FQH) effect, 7 since the FQH systems are believed to have a series of exotic nonAbelian states. Such states, like the Pfaffian state [15] [16] [17] [18] [19] that is the exact ground state of quantum Hall Hamiltonians with 3-body contact interactions, have elementary excitations that are non-Abelian anyons. Similar states have also been predicted to occur in cold atoms, [19] [20] [21] [22] [23] [24] [25] superconductors with p-wave pairing symmetry, 4 hybrid systems of superconductors with topological insulators and/or semiconductors, [26] [27] [28] [29] [30] and non-Abelian lattice spin models.
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Although non-Abelian states are associated with twodimensional (2D) systems, analogous states can be found in certain one-dimensional (1D) models. [32] [33] [34] [35] [36] In this paper we consider a Pfaffian-like state that was proposed as an ansatz for the ground state of bosonic atoms subject to three-body infinite repulsive interactions and in a 1D optical lattice.
32 Three-body interactions between bosonic atoms rarely occur in nature. However, they can be efficiently simulated by mixtures of bosonic atoms and molecules under conditions that are achievable with current technology in systems of atoms and molecules in optical lattices.
32,37
Therefore, the physical system that we consider is a collection of bosonic atoms and diatomic Feshbach molecules trapped in a 1D optical lattice. Under certain experimentally achievable conditions, the system can be described by an effective Hamiltonian for bosonic atoms with two-body and three-body contact interactions. 32 We study the ground states of the system in the limit of infinite repulsive three-body interactions and for a range of values of the two-body interaction strength.
The Pfaffian-like state ansatz was originally proposed as an ansatz for the ground-state wave function of the system in the absence of the two-body interactions.
32 However, our results show that the Pfaffian-like ansatz wave function most closely corresponds to the exact groundstate wave function of the system at some finite value of the two-body interaction strength. The results also indicate that in the thermodynamic limit this value of the interaction strength might be close to the value where the system undergoes a quantum phase transition from the superfluid state to the Mott insulating state, as previously found within the bosonization approach.
38
Non-Abelian states of matter have an exotic organizational form in which particles are ordered following a hidden global pattern that is not associated with breaking of any symmetry. 4, 39 This leads to a ground state degeneracy that is not based upon simple symmetry considerations and is robust against perturbations and interactions with the environment. Topological quasiparticles of such systems exhibit an exotic statistical behavior. Namely, an interchange of two identical quasiparticles takes one ground state into another. If two different exchanges are performed consecutively among the quasiparticles, the final state of the system will depend upon the order in which these exchanges were carried out. This ordering dependence is the reason why such states and their quasiparticles are called non-Abelian or non-commutative. In addition, the quasiparticles of a non-Abelian system are neither fermions nor bosons which motivates the name anyons.
The Pfaffian-like states that we consider in this paper cannot be characterized by any local order parameter and exhibit a global hidden order that is associated with the organization of bosons in identical indistinguishable clusters. Indistinguishability between the clusters is achieved by symmetrization over the subsets of coordinates of each cluster. This symmetrization introduces the possibility of topological degeneracy in the space of quasiparticles and makes these states potential carriers of non-Abelian excitations.
32,33,40
Our explicit calculations use variationally optimized entangled-plaquette states for systems of up to 60 sites. These are benchmarked with exact diagonalization studies of systems of up to 14 sites.
Using the exact diagonalization (ED) method, we first study ground-state properties of the system for small system sizes and with periodic boundary conditions. The Pfaffian-like state ansatz was originally proposed as an ansatz for the ground-state wave function of the system in the absence of the two-body interactions (vanishing two-body interaction strength). 32 However, our ED results clearly demonstrate that the Pfaffian-like ansatz better approximates the ground state of the system at some finite value of the two-body interaction strength. This interaction strength increases with increasing system size. Also, the overlap of the exact ground-state wave function at such value of the two-body interaction strength and the Pfaffian-like ansatz wave function, decreases more gradually with increasing system size in the presence of two-body repulsion than it decreases in the absence of the two-body interactions.
The ED results thus indicate that in the thermodynamic limit the Pfaffian-like ansatz wave function most closely corresponds to the exact ground-state wave function of the system at some finite value of the two-body interaction strength. This might be close to the value where the system undergoes a quantum phase transition from the superfluid state to the Mott insulating state, as previously found within the bosonization approach.
38
We further study the ground-state properties of the system for larger system sizes. Motivated by recent success of tensor network methods 41 to numerically simulate a variety of strongly correlated models, we use the entangled-plaquatte-state (EPS) ansatz, also called the correlator-product-state (CPS) ansatz, and the variational Monte Carlo (VMC) method. [42] [43] [44] [45] [46] [47] [48] [49] [50] [51] In the EPS approach, the lattice is covered with plaquettes and the ground-state wave function is written in terms of the plaquette coefficients. Configurational weights are then optimized using a VMC algorithm. Here, the plaquette coefficients that minimize the energy are found using the stochastic minimization method. [50] [51] [52] [53] For the small system sizes we find that the EPS and VMC calculation gives quite accurate estimates of the ground state energy and the one-body and two-body correlation functions.
To examine the proximity of the ground-state to the Pfaffian-like state ansatz for larger system sizes, we calculate the one-body and two-body correlation functions for the exact ground-state and the Pfaffian-like ansatz wave functions and compare their asymptotic behavior. Since the EPS wave function gives quite accurate estimates of the correlations within any plaquette, we estimate the asymptotic behavior of the correlation functions from the values of the correlation functions for the lattice sites within a plaquette.
We study the ground-state properties of the system for the system sizes L = 40 and 60 sites. The results obtained within the EPS and VMC approach are consistent with the ED results for smaller system sizes and with the results for vanishing two-body interaction strength obtained previously using variational matrix product states (MPSs). For the system size L = 60 sites, the maximum system size that we have considered, the results indicate that at some finite value of the two-body interaction strength U/t =Ū C (L) the exact ground-state wave function is still very close to the Pfaffian-like ansatz wave function.
The paper is organized as follows. In Sec. II we introduce the effective 3-body interacting atomic Hamiltonian for a system of bosonic atoms and diatomic Feshbach molecules trapped in a 1D optical lattice. In Sec. III we review the theory of the Pfaffian-like states in 1D. In Sec. IV we present ED results for small system sizes and with periodic boundary conditions. The results for larger system sizes obtained within the EPS and VMC approach are presented in Sec. V. In the final section, Sec. VI, we draw our conclusions and discuss possible directions for future research.
The bosonic operators for atoms and molecules are denoted by a i and m i , respectively. The term H K describes the tunneling processes of atoms and molecules. The term H F is the Feshbach resonance term and the term H I describes the on-site atom-molecule and moleculemolecule interactions. Here t a , t m , U aa , U am and U mm are hopping matrix elements for atoms and molecules and the on-site atom-atom, atom-molecule and moleculemolecule interaction strengths, respectively. The energy off-set between open and closed channels in the Feshbach resonance model is denoted by ∆ and g is the coupling strength to the closed channel.
We further assume U aa , U am , U mm ≥ 0 and ∆ > 0. In the limit γ 2 = g 2 /2∆ 2 ≪ 1 the formation of molecules is highly suppressed and the effective Hamiltonian for the system can be obtained, to first order in γ 2 , by projection of the Hamiltonian (1) onto the subspace with no molecules. The resulting effective Hamiltonian is
In the limit t m γ 2 ≪ t a , valid in typical experiments with 87 Rb, 32 the effective Hamiltonian (2) reduces to
with t = t a , U 2 = U aa − g 2 /∆ and U 3 = U am γ 2 . The effective Hamiltonian (3) is the Hamiltonian for a system of bosonic atoms in a 1D optical lattice with repulsive two-body and three-body on-site interactions.
We further assume that U 3 ≫ t a ; the limit accessible in typical setups with 87 Rb atoms. 32 In the limit U 3 → ∞ the Hilbert space is projected onto the subspace of states with occupation numbers n i = 0, 1, 2. The bosonic operators subject to this condition, that is, the condition (a † 3,i ) 3 = 0, are referred to as 3-hard-core bosonic operators and satisfy the commutation relations
√ n i + 1|n i + 1 , these operators can be represented by 3 × 3 matrices of the form
and the projected effective Hamiltonian is
with U = 2U 2 . In this paper we study the ground states of the Hamiltonian (5) for a range of values of U/t and at fixed average filling factor of one boson per lattice site, and compare the ground states to the Pfaffian-like ground-state ansatz wave function. 32 The properties of the Pfaffian-like state are reviewed in the following section.
III. PFAFFIAN-LIKE STATES
The idea of using symmetrized indistinguishable cluster states as ansatz wave functions for non-Abelian one-dimensional bosonic liquids was proposed by Paredes, Kielmann and Cirac. 32, 33, 40 The Pfaffian-like state ansatz, inspired by the form of the ground state for fractional quantum Hall bosons subject to a three-body interaction, [17] [18] [19] was originally proposed as an ansatz for the ground state wave-function of the Hamiltonian (5) at U = 0.
32
For the bosons in the lowest Landau level (LLL) subject to the 3-body interaction potential
, with z i = x i + iy i being the complex coordinate in the 2D plane, the exact ground state in the limit U 3 → ∞ is the Pfaffian state 19,35,36
This state is a symmetrized product of two identical Laughlin states
with σ =↑, ↓. Since the Laughlin state of each cluster is a zero energy eigenstate of the two-body interaction potential i =j δ(z i − z j ), three particles can never coincide in a state of the form (6) . The symmetrization operator that symmetrizes over the two virtual subsets of coordinates {z ↑ i } and {z ↓ i } is denoted by S ↑,↓ . An ansatz for the ground state of the Hamiltonian (5) at U = 0 was proposed 32 in direct analogy with the wave function (6),
This ansatz has the same form as the Pfaffian state (6) with the Laughlin state substituted by a TonksGirardeau state
The Tonks-Girardeau state (9) is the ground state of 1D lattice hard-core bosons described by the Hamiltonian 
and with periodic boundary conditions, 58 where hard-core bosonic operators a 2,σ,i obey (a † 2,σ,i ) 2 = 0, allowing only occupation numbers of n To write the ansatz wave function in second quantized form we define a projection operator P such that
The projection operator P is a local operator of the form
where L is the number of lattice sites and P i is the local projector at a lattice site i,
that maps the single site 4-dimensional Hilbert space of two species of hard-core bosons ↑ and ↓ to the singlesite 3-dimensional Hilbert space of 3-hard-core-bosons as illustrated in Fig.1 . It can be further shown that the one-body and twobody correlation functions for the ansatz wave function (10) have the following asymptotic behavior
for large ∆ and the system size L, and that the twobody correlation function corresponds to the one-particle correlation function for on-site pairs
58 In other words, although the system of atoms has some kind of coherence, with slowly decaying spatial correlations ∝ ∆ −1/4 , the underlying system of on-site pairs is in a much more disordered state with a fast decay of spatial correlations ∝ ∆ −1 .
IV. EXACT DIAGONALIZATION RESULTS FOR SMALL SYSTEM SIZES
Using the ED method, we first examine the groundstate properties of the system for small system sizes and with periodic boundary conditions. The ground-state properties are calculated for a range of values of the twobody interaction strength U/t and at the filling factor of one particle per site. We calculate the overlap of the exact ground-state wave function of the Hamiltonian (5) and the ansatz wave function (10), average occupation of sites with one and two particles, and one-body and twobody correlation functions.
The overlap of the exact ground-state wave function and the Pfaffian-like ansatz wave function for the system sizes L ≤ 14 and as a function of the two-body interaction strengthŪ = U/t is shown in Fig.2 . The results clearly demonstrate that the Pfaffian-like state ansatz wave function (10) is a better ansatz for the exact ground state wave function of the Hamiltonian (5) at some finite value of the two-body interaction strength U C (L) than it is for the exact ground-state wave function at U = 0 as suggested previously.
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Also, the overlap decreases more gradually with increasing system size L atŪ C (L) than it decreases at U = 0 (Fig.3) . This indicates that in the thermodynamic limit (L → ∞), the Pfaffian-like state ansatz wave function most closely corresponds to the exact ground- The ED results also indicate that the value ofŪ C where the overlap is maximal increases with increasing system size (Fig.4) . It can also be shown that the value ofŪ where the system undergoes a quantum phase transition from the superfluid state to the Mott insulating state, U SF −MI , decreases with increasing system size. The ED results thus suggest that the value ofŪ C approaches the value ofŪ SF −MI with the increase of the system size L and that the Pfaffian-like state might be the state at the superfluid to Mott insulator boundary as previously found within the bosonization approach. We have further calculated the average number of sites with one particle, n 1 , and with two particles, n 2 , at the filling factor ν = 1 and for a range of values of the twobody interaction strengthŪ = U/t. The average number of sites with one particle and with two particles is
where n i = a † i a i and n 1 + 2n 2 = ν = 1. The values of n 1 and n 2 for the Pfaffian-like ansatz wave function (10) and for the exact ground-state wave function of the Hamiltonian (5) at U/t =Ū C (L) (where the overlap | ψ Exact |ψ Ansatz | is maximal) are shown in Fig.5 . The values of n 1 and n 2 for the exact ground-state wave function are very close to the values of n 1 and n 2 for the Pfaffian-like state ansatz wave function, as it can be clearly seen in Fig.5 .
We have also calculated the one-body and two-body correlation functions
for the exact ground-state wave function at U/t =Ū C (L) and for the ansatz wave function for the system of L = 14 sites. The results in Fig.6 show that the correlation 
V. VARIATIONAL MONTE CARLO CALCULATION
Studying properties of the system for larger system sizes with the ED method is not possible due to the rapid increase of the Hilbert space size with increasing system size. Motivated by successes of the tensor network methods 41 to numerically simulate a variety of strongly correlated models, we further study properties of the system for larger system sizes using the entangled-plaquettestate (EPS) ansatz optimized using the variational Monte Carlo (VMC) method. [42] [43] [44] [45] [46] [47] [48] [49] [50] [51] Within the EPS approach, also called the correlator-product-state (CPS) approach, the lattice is covered with overlapping plaquettes and the ground state wave function is written in terms of the plaquette coefficients. Configurational weights can then be optimized using a VMC algorithm.
For a lattice with L sites, an arbitrary quantum manybody wave function can be written as |ψ = n1,...,nL W n1,...,nL |n 1 , ..., n L = n W n |n , (17) where n = {n 1 , ..., n L } denotes the vector of occupancies and W n is the amplitude or weight of a given configuration n. For the system described by the Hamiltonian (5) n i ∈ {0, 1, 2} for the lattice sites i = 1, ..., L.
FIG. 7:
Illustration of the six-site 1D plaquettes with a fivesite overlap between the plaquettes used in the calculation of the ground-state properties of the system for larger system sizes.
In the EPS (CPS) description of a bosonic system, the weight W n is expressed as a product of the plaquette coefficients over the lattice
where n p = {n p1 , ..., n pl } is the occupancy vector of the l-site plaquette p. In many cases, the qualitative behavior of large systems can be described even by plaquettes with a small number of sites. The EPS wave function corresponding to the ground-state wave function of the system gives reasonable estimates of the ground-state energy and short range correlations. The estimates improve with an increase in plaquette size and greater overlap between the plaquettes.
Here we choose six-site 1D plaquettes with a five-site overlap between the plaquettes as illustrated in Fig.7 . The weights W n for the ground-state wave function of the Hamiltonian (5) with periodic boundary conditions can then be written as
Within the variational MPS approach 32 this plaquettes choice would correspond to the matrices of dimension χ = 3 In a VMC algorithm the energy E is written as
where it is assumed that the wave function |ψ = n W n |n is not normalized, and the local energy E n and the probability P n are given by
The expectation value of any operatorÔ can be expressed in the same form by replacing the Hamiltonian H with the operatorÔ. The probability P n is never explicitly calculated from Eq. (21). Instead, for a given set of plaquette coefficients, the energy can be efficiently computed using the Metropolis algorithm.
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Within the Metropolis algorithm, used to sample the probability distribution, the overall energy can be efficiently computed as an average of the sampled local energies. In our calculation the total number of atoms N is fixed. We start from a randomly chosen initial configuration |n = |n 1 , n 2 , ..., n L with L i=1 n i = N and n i ∈ {0, 1, 2} for i = 1, ..., L, and then generate via the Metropolis algorithm a large set of new configurations by replacing n i with n i − 1 (if n i > 0) and n j with n j + 1 (if n j < 2) at two neighboring sites i and j. Starting from configuration |n , the acceptance probability of a new configuration |n ′ is given by
According to the variational principle, minimization of the expression (20) with respect to the weights gives an upper bound of the ground-state energy. The plaquette coefficients that minimize the energy can be found by using the stochastic minimization method, [50] [51] [52] [53] 59 ,60 which requires only the first derivatives of the energy with respect to the plaquette coefficients which is given by
where the wave function |ψ in Eq. (20) is approximated by the EPS (CPS) wave function and
with W n given by Eq. (19) . Here b p denotes the number of times the plaquette coefficient C np p appears in the product (19) for the amplitude W n for configuration |n . If the same plaquatte coefficient is used for multiple sites (e.g. for a translationally invariant choice of plaquettes) b p > 1. If each plaquette coefficient is used once, b p = 1.
Equivalently to the overall energy the first derivative can be efficiently calculated using the Metropolis algorithm from the same sample used to compute the overall energy.
The steps of the VMC algorithm used to calculate the ground state properties of the system are as follows: (i) start from the randomly chosen complex values for the plaquette coefficients, (ii) evaluate the energy and its gradient vector, (iii) update all plaquette coefficients C np p according to
and (iv) iterate from (ii) until convergence of the energy is reached. Here r is a random number between 0 and 1, and δ(k) is the step size for a given iteration k.
In each iteration k, the energy and its derivative are estimated from F (k) × L values, where L is the number of lattice sites and F (k) is called the number of sweeps per sample. In a given sweep each lattice site is visited sequentially and a move n → n ′ to a new configuration is proposed by changing the occupancy numbers n i → n i −1 (for n i > 0) and n j → n j + 1 (for n j < 2) at two neighboring lattice sites i and j. Also, to achieve convergence and reach the optimal energy value it is important to carefully tune the gradient step δ(k). For each iteration k, the number of sweeps F is increased linearly, F = F 0 k, and the procedure of evaluating the energy and updating the coefficients is repeated G = G 0 k times. The step size is gradually reduced per iteration. Here we use a geometric form, δ = δ 0 Q k , with Q = 0.9. The number of sweeps per iteration is increased because the derivatives become smaller as the energy minimum is approached and require more sampling in order not to be dominated by noise. An increasing G effectively corresponds to a slower cooling rate. Here we take F 0 = 100, G 0 = 10, and Q = 0.9. The initial minimization routine is performed with δ 0 = 0.5 for 50 iterations. The resulting plaquette coefficients are then used It is also important to note that it is more difficult to obtain good estimates of the ground state energies and the correlation functions for small system sizes due to the presence of the statistical error in the stochastic algorithm. Having a larger number of parameters allows the optimization method more freedom in finding the minimum energy state and the statistical error can be controlled by increasing the system size.
The results for the ground-state energy for the system size L = 14 and for several values of the two-body interaction strength U/t are shown in Tab. I and compared to the ED results (exact ground-state energy values). As it can be seen from the Tab. I, the relative error, defined as
does not exceed 1.3% for any value of the two-body interaction strength U/t. The EPS and VMC calculation also gives quite accurate estimates of the correlation functions as demonstrated in Fig.8 .
To examine the proximity of the ground-state wave function for larger system sizes to the Pfaffian-like state ansatz wave function, we further calculate correlation functions for the system sizes L = 40 and 60 sites. Since the EPS wave function gives quite accurate estimates of the correlations within any plaquette p, to estimate the asymptotic behavior of the correlation functions we calculate the one-body and two-body correlation functions (16) for the lattice sites within a plaquette p (∆ = 1, ..., l p − 1) .
The results for the one-body and two-body correlation functions at U = 0 and for the system sizes L = 40 and 60 sites are shown in Fig.9 . The values of α 1 and α 2 that describe the asymptotic behavior of the correlation functions
move away from the values expected for the Pfaffian-like state ansatz (α 1 = 0.25 and α 2 = 1) with increasing system size. The results thus suggest that the overlap between the exact ground state wave function at U = 0 and the Pfaffian-like state ansatz decreases with increasing system size. This is consistent with the ED results and with the previously obtained results for the system sizes L ≤ 40 obtained using the variational MPS.
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The ED results presented in the previous section also suggest that the Pfaffian-like state ansatz wave function (10) better approximates the exact ground state of the Hamiltonian (5) at some finite value of the two-body interaction strength U/t =Ū C (L) than it approximates the exact ground-state wave function at U = 0. The results for the one-body and two-body correlation functions for the system size L = 60 sites (Fig.10) show that the values of α 1 and α 2 increase with the increase of the value of the two-body interaction strength U/t =Ū . In other words, at some valueŪ C (L) the values of α 1 and α 2 will be the closest to the values expected for the Pfaffian-like ansatz wave function (α 1 = 0.25 and α 2 = 1). This indicates that the overlap between the exact ground-state wave function and the Pfaffian-like ansatz wave function is maximal atŪ C (L) in agreement with the ED results for smaller system sizes.
Previous calculations with variational MPS found the values of α 1 and α 2 for the system size L = 20 sites to be α 1 = 0.22 and α 2 = 0.83 for the exact ground-state wave function at U = 0 and α 1 = 0.24 and α 2 = 0.99 for the Pfaffian-like ansatz wave function.
32 Corresponding overlap between the exact ground-state and the Pfaffian-like state wave functions was found to be ≈ 0.955. 32 Also, for the system size L = 40 sites at U = 0 the overlap is ≈ 0.90 32 which corresponds to α 1 ≈ 0.232 and α 2 ≈ 0.797 obtained within our EPS and VMC calculation for the exact ground-state wave function (Fig.9 ) and α 1 ≈ 0.25 and α 2 ≈ 1 for the Pfaffian-like ansatz wave function.
It is difficult to determine the exact values ofŪ C (L) from our EPS and VMC calculation. However, for the system size L = 60 sites, the maximum system size that we have considered, we find that α 1 0.218 and α 2 0.764 at U/t =Ū C (L). Therefore, based on the results mentioned in the previous paragraph, we estimate that the overlap between the exact ground-state and the Pfaffian-like state wave functions is still good for the system size L = 60 and at U/t =Ū C (L).
VI. CONCLUSIONS
We have studied ground states of a system of bosonic atoms and diatomic Feshbach molecules trapped in a 1D optical lattice. Under certain conditions, that are experimentally achievable with current technology in systems of cold atoms and molecules in optical lattices, the system can be described by an effective Hamiltonian for bosonic atoms with two-body and three-body interactions. We have considered the limit of infinitely strong three-body interactions for a range of values of the two-body interaction strength. The ground-state properties of the system were calculated using the ED method for small system sizes, and the EPS and VMC method for larger system sizes.
The Pfaffian-like state ansatz was originally proposed as an ansatz for the ground-state wave function of the effective Hamiltonian in the absence of the two-body interactions. However, our results clearly demonstrated that the Pfaffian-like state ansatz wave function is a better ansatz for the ground-state wave function of the effective Hamiltonian at some finite value of the two-body interaction strength. This value of the two-body interaction strength might be close to the value where the system undergoes a quantum phase transition from the superfluid state to the Mott insulating state, as previously found within the bosonization approach.
Further work is necessary to find an experimentally realizable model with the ground-state wave function that can be even better approximated by the Pfaffian-like ansatz wave function. This can possibly be achieved in a system with long-range interactions. Additional direction of future research is to consider similar 2D non-Abelian models, for example, anisotropic systems consisting of coupled interacting 1D wires. Such anisotropic 2D lattice models can have interesting non-Abelian Chern insulating phases and fractional topological insulating phases.
